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An Algorithm for Extracting Fuzzy Rules
Based on RBF Neural Network

Wen Li and Yoichi Hori, Fellow, IEEE

Abstract—A four-layer fuzzy-neural network structure and
some algorithms for extracting fuzzy rules from numeric data by
applying the functional equivalence between radial basis function
(RBF) networks and a simplified class of fuzzy inference systems
are proposed. The RBF neural network not only expresses the
architecture of fuzzy systems clearly but also maintains the ex-
planative characteristic of linguistic meaning. The fuzzy partition
algorithm of input space, inference algorithm, and parameter tun-
ing algorithm are also discussed. Simulation examples are given to
illustrate the validity of the proposed algorithms.

Index Terms—Explanative characteristic, fuzzy rules, radial
basis function (RBF) neural network.

I. INTRODUCTION

SSENTIALLY, system modeling is the task of building

models from a combination of a priori knowledge and
empirical data. When a complex system is to be modeled,
usually, the only available information is a collection of em-
pirical data, which are inherently imprecise and incomplete as
obtained from the observation of the system behavior or the
measurement of some system states. There are some types of
modeling with imprecise and incomplete data, such as fuzzy
modeling and rough modeling. Fuzzy modeling based on nu-
merical data, which was first explored systematically by Takagi
and Sugeno [7], has found numerous successful applications to
complex system modeling.

Considerable works on hybrids between fuzzy inference and
neural networks have been done to integrate the excellent
learning capability of neural networks with fuzzy inference
systems, resulting in neuro-fuzzy modeling approaches that
combine the benefits of these two powerful paradigms into a
single capsule and provide a powerful framework to extract
good-quality fuzzy rules from numerical data [2], [8], [9].

The error backpropagation neural network (BP) is used
widely because its learning scheme is visible and easy to
understand. However, the classification capability is lower for
those patterns away from the sample set or for new patterns.
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Hence, radial basis function networks (RBFNs) are recently
adopted widely for fuzzy rules drawing and fuzzy inference
system modeling because they possess simple structure, good
local approximating performance, particular resolvability, and
function equivalence with a simplified class of fuzzy inference
systems [1]. Because of function equivalence, which made it
possible to combine the features of these two systems, a pow-
erful type of neuro-fuzzy systems was developed [2]. However,
a fuzzy system that has been trained using learning algorithms
may lose its interpretability or transparency, which is one of the
most important features of fuzzy systems.

In this paper, a structure of RBFN, which can represent the
interpretability of fuzzy systems efficiently, is proposed based
on the analysis of RBFNs. Then, the learning algorithms of
extracting fuzzy rules from this RBFN are discussed in detail.

II. RBFN CONSTRUCTION AND
CLASSIFICATION MECHANISM

RBFN belongs to a kind of forward networks that are struc-
tured based on the theory of functional approximation. Network
learning is equivalent to searching the best surface matched
with training data in multidimensional space. The activation
function in each node of the hidden layers of the network
forms a basis function of the matched surface from which the
name of the network originates. It is known that a BP network
is a typical global approximation network, whose network
output is decided by all the neurons of the network. Compared
with the BP network, RBFN is a type of local approximation
network, i.e., the network output is decided by a few neurons
existing in a certain local area in input space. Although the
size of the RBFN is bigger than that of the BP network, its
performance characteristics such as learning speed, ability for
approximation, pattern recognition, and classification are better
than the same characteristics of the BP network.

A. General RBFN Structure

A three-layer RBFN with N inputs, L nodes (neurons)
in the hidden layer, and M neurons in the output layer is
shown in Fig. 1. Although RBFNs belong to forward network
models because of their structure, the method of initializing
parameters is different from the BP model, in which parameters
are initialized randomly. The parameters of RBFN such as the
center and width of receptive fields are determined according
to the distribution of sample data [3]. Radial basis functions
(RBFs) are adopted as active functions of the hidden layer
nodes, and there are three RBFs commonly used [4]. In this
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Fig. 1. RBF network structure.

paper, Gaussian function is chosen as the active functions of
the hidden layer nodes

X -
pi1(X) = exp [—” 5 1

= ], l=1,...,L ()
where X is an N-dimensional input vector, C; is a vector
(i.e., the center of the Gaussian function) with the same di-
mension as X, L is the number of nodes in the hidden layer,
and oy, which is a scalar quantity, is the width of the Gaussian
function. If the transfer functions of the output layer nodes are
linear functions, then the output of each output node is

L
yi(X) = wye(X),  j=1,....M. (2
=1

The normalized output is

XL: wijp1(X)
yi(X)=""—— 3)
> wi(X)

=1

where w;; denotes the weight between the jth output and the
Ith node in the hidden layer. The performance index function F
is expressed as

1
E=5W -y’ )

where y is the output of the network and ¢ is the target value.

The structural form of RBFNSs, as shown in Fig. 1, is a whole
linkage network. The next section will discuss other network
forms.

B. RBFNs for Representing Interpretability of
Fuzzy Systems

It has been proved that RBFN is functional equivalent with
a simplified class of fuzzy inference systems [1]. However,
the only difference between the two systems is interpretability,
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Fig. 2. Two kinds of network structures.

which makes fuzzy systems easy to understand [5]. Represent-
ing a fuzzy system with a general RBFN weakens the outstand-
ing interpretability of fuzzy systems. Therefore, most RBFNs
used to extract fuzzy rules or to implement fuzzy inference are
the transformed ones of the whole linkage form in practice.
Those transformed RBFNs can improve the interpretability of
networks used to express fuzzy systems. In this section, two
transformed RBFNs are given in Fig. 2 [5], [10].

The two networks have the same number of input variables.
For the structure in Fig. 2(a), the number of nodes in hidden
layer 1 is equal to the sum of the fuzzy partitions of each input
variable, and the node linked with an input variable denotes
a fuzzy subset of the input variable, which describes clearly
the fuzzy partition of input space. Hidden layer 2 is used to
implement the algorithm of fuzzy inference, and the number of
nodes is the number of fuzzy rules, i.e., each node is associated
with a fuzzy rule. The overall outputs are acquired from the
output layer. In addition, for the structure in Fig. 2(b), the
number of nodes in hidden layer 1 is equal to the product of
premise-number and rule-number; the n nodes connected to
a node in hidden layer 2 form the premise part of a fuzzy
rule. Therefore, the components of fuzzy rules can be described
clearly with the two hidden layers. Simultaneously, hidden
layer 2 is also the fuzzy inference layer. In addition, the output
layer has the same function as that of the structure in Fig. 2(a).

From the preceding comparison and analysis, it can be ob-
served that the structure in Fig. 2(a) is not only simple but also
capable of describing clearly the fuzzy partitions of input space.
However, the more input variables, the more difficult to express
fuzzy systems and the worse the interpretability. With regard
to expressing fuzzy partitions in input space, although structure
Fig. 2(b) is not clearer than the structure in Fig. 2(a), it has
better representational power on the interpretability of fuzzy
systems than the structure in Fig. 2(a), which makes the de-
scribed fuzzy systems more comprehensible than conventional
neural systems.

C. New Network Structure

According to the analysis and comparison of structures and
natures of the two networks in Fig. 2, it can be observed that the
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Fig. 3. New RBF neural network.

hidden layer 1 of the structure in Fig. 2(b) is only an extension
of the hidden layer 1 of the structure in Fig. 2(a). Based on
this idea, a new structure of RBFN is proposed for the purpose
of improving the interpretability of fuzzy systems. Fig. 3 gives
the new network structure, which integrates the natures of the
two networks shown in Fig. 2. The new structure cannot only
represent the fuzzy partitions of input space clearly but can
also give the formal description of fuzzy systems intuitively.
Compared with the structure in Fig. 2(a), for the new structure,
the representational power of the interpretability is improved
greatly, and the ability to clearly express fuzzy partitions is
maintained. Because the weights between hidden layer 1 and
hidden layer 2 are 1, the performance of the running network is
not changed in nature. Although the structure increases memory
units outwardly, the parameter set of hidden layer 2 is, in fact,
equal to that of hidden layer 1. Therefore, a quick running speed
of the network and the small memory units may be obtained by
applying a suitable learning algorithm and storing method. The
network structure and the method of selecting initial parameters
have been discussed in the literature [6].

III. LEARNING ALGORITHM DESIGN

Let X = (z1,x9,...,2n) denote the N-dimensional input

space, where x; ¢ =1,2,..., N is an input variable; and
Y = (y1,92, - - ., yn ) denote the M-dimensional output space,
where y; 7 = 1,2,..., M is an output variable. According to

the network structure, the learning algorithm is composed of
a fuzzy partition algorithm of input space, a fuzzy inference
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Fig. 4. Definition of overlap degree.

algorithm, and an inference output algorithm, which are given
in following subsections.

A. Fuzzy Partition Algorithm of Input Space

The input layer and hidden layer 1 of the network form the
fuzzy partition part, and the corresponding algorithm is used
to implement the fuzzy partition of input space. Each input
node z; is connected to the corresponding s; nodes in hidden
layer 1, and s; denotes the number of fuzzy partition for vari-
able ;. In this paper, s = (s1, Sa, . . ., sy ) denotes the number
of all the fuzzy partitions , notation ¢, k; = 1,2,...,s; de-
notes the weights from the ith input node to the k;th node in
hidden layer 1, and k; denotes the k;th fuzzy partition of the ¢th
input variable. The fuzzy partition labels of N input variables
are denoted by notation k = (kq, ks, ..., kyn), where each k;
corresponds to s; € (81, 52,...,8N).

The Gaussian function (a kind of RBF) is adopted as the
transfer functions of the nodes in hidden layer 1; hence, the
output of the nodes can be written as

S (25) ei(wifciki)z/f’?ki (5)

where c;, and o;i, are the center and width of the Gaussian
function, respectively. The initial value of c;, is determined by
the initial clustering center [6].

In order to determine parameter o, , a conception of overlap
degree is introduced. The overlap degree is the degree by which
two fuzzy subsets overlap, which is measured by the maximum
membership degree of intersection produced by the two subsets.
As shown in Fig. 4, for example, the overlap degree is 0.5.
In fuzzy control, overlap degree is an important factor that
affects control performance. Generally, overlap degree should
be around 0.5; a value that is too big or too small may result in
an unexpected control effect. Considering this case, a formula
for determining the initial width of the Gaussian function is
deduced.

Let the distance between two adjacent clustering centers be
d = ||¢; — ¢i—1]|, corresponding to clustering center ¢;, and the
RBF be f;(z;) e~(@i=ci)?/o7 In the selection of width o, the
overlap degree of adjacent fuzzy subsets should remain to be
around 0.5. Therefore, when ||z; — ¢;||(d/2),

0.3679 < fi(w;) < 0.7788 (6)
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Fig. 5. Fuzzy partition when membership functions are symmetric.

ie, 1/4 < ((w; —c;)?/0?)((d/2)*/0?) < 1. Thus, for the
RBFN shown in Fig. 3, width o; should be selected by the
following equation:

lei — ciall
’Y b

o = l<y<?2 7

where + is the overlap coefficient.

Usually, a clustering center corresponds to a fuzzy subset
using an RBF as its membership function. Taking Fig. 5 as an
example, there are four clustering centers ¢; = —3.5, co = 0,
c3 =1, and ¢4 = 3; each corresponds to an RBF with ¢; =
llei — ei—1ll/7y, v = 1.5, which define the fuzzy subsets (fuzzy
partitions) at region [-4, 4]. As shown in Fig. 5, because
the different intervals of adjacent clustering centers result in
different widths o;,_; and o; from (7), (6) cannot always be
satisfied. In order to keep the overlap degree of the adjacent
fuzzy subsets to about 0.5, the membership functions should be
reconstructed as

7(&&761')2/022 . < R
e i, Ti S G
fl('rl) { 3

A xi—ci)2 /g2
e (zi—ci) /‘71‘1‘, xr; > ¢

where

C; — Cj—

o = da el ©)
¥

- llciv1 — Cz‘||. (10)
aé

Equation (8) gives the mathematical description of nonsym-
metry membership function. As long as membership functions
are defined by (8) and the selection of widths o;; and o, are
defined by (9) and (10), it can be ensured that the overlap
degree of two adjacent fuzzy subsets satisfies (6), no matter how
different the two neighbored intervals of adjacent clustering
centers are. Fig. 6 shows a fuzzy partition case that has the same
conditions as that in Fig. 5, except that the membership func-
tions are described by (8). With (8) reconstructing RBF, (5) is
rewritten as

ef(zifcmi)Q/"fL,ki’

@) ok,

i < Cik, (11

T; > Cik,
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Fig. 6. Fuzzy partition when membership functions are nonsymmetric.

The input layer and hidden layer 1 describe clearly the fuzzy
partition status of each dimension in input space for a control
system, i.e., the definition of the fuzzy subsets (fuzzy linguistic
values) of each input variable. Supposing the crisp input is
20(29,29,...,2%), the membership degree of each variable
that belonged to various fuzzy subsets can be calculated using
(11). Hence, the fuzzification process of the input variables is
completed.

B. Forward Inference Algorithm

The inference task of fuzzy systems is implemented by
hidden layer 2 and hidden layer 3. The L node groups de-
note L rules. In each group, there are N input nodes lek
i=1,2,...,Nk; € (1,2,---,s;), which correspond to the N
premises of the [th rule. Notation Pilki denotes that the ith
premise of the [th rule takes the k;th linguistic value A! k- When
there is a crisp input 2°(29, 29, ..., 2%), P}, should be the
membership degree of z¥ that belongs to Aé k.- In other words,
for [ outputs in hidden layer 2 Pilk,i, l=1,---,L, the following
equation exists:

2
20 _¢
(“”i L"kz)

Plo=for (@) =e i, I=1,..,L (12)

The transfer function of each node R; in hidden layer 3
(inference layer) is determined according to the operating
method of the fuzzy implication relation selected. In this paper,
the product operation is selected as the transfer function of node
Ry; thus, the output of node R; can be given by

N
R[] Pk, (13)
=1

The M outputs of system y;,j = 1,..., M, are composed
of the M consequents of a fuzzy rule. Using weight v;; between
the inference layer and the output layer to denote the jth
consequent of the [th rule, the initial v;; is determined by
the initial cluster center of sample data [6]. The output of the
network may be represented with a general form given by
, M. (14)

y; = f(vy, R), j=1...
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Summarizing the preceding discussion, if input 2°, singleton
fuzzification, product inference mechanism, and center-average
defuzzification are used, then the output of the network is

L
> vl
l:l

5)

IV. NETWORK MODIFYING ALGORITHM AND STEPS
A. Modifying Algorithm of Network Parameters

Obtaining network output yj from (15), the overall error of
the network output can be calculated by performance index
function (16)

M
= (o) (16)
Jj=1

The network parameters are modified via a gradient descent
technique. The modifying algorithms of weights in each layer
are derived as follows.

The expression of modifying weights between hidden layer
3 and the output layer is

oE

OF 0y,
n&vl]

Avp; = —
YL ”ay] vy

a7

where 0 < n < 1 is the learning rate, and the partial derivative
of F with respect to y;, for a specific j (jth output), is

OF .
— =Y — Y. 18
oy, Y; — Yj (13)
Let
OF
6= ——. (19)
J ay]
Because y; = (3.1, Rii;)/ (312, Ri), the following equa-

tion exists for a specific I:

9y, R

— 20
B = I (20)
>R
t=1
From (18)—(20), (17) becomes
R
Avyj =ndj———. 1)
> R
t=1
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The outputs of the nodes in hidden layer 3 are computed by
(13). All weights between hidden layer 2 and hidden layer 3
are 1 without modifying. Those nodes in hidden layer 2 are
computed by (12).

The modifying formula of weights between the input layer
and hidden layer 1 is derived as

ok
" 602‘7]%

Aciyki =

aE dy; OR, 0P,
5yj 8Rl (9P

. 22
801-,;“ ( )

Each output y; relates with all R;. Hence,

For a specific [,

9y _
OR;

Vij —Yj

2
=137 Ry

=1

N
<H P;,,ﬂ> .
I i=1

OF,

(23)

oR, 0

(24)

For a specific ¢, (24) is changed to

N

_ l
- H Pii,kri

ii=1

iiAi

(25)
8Pil,ki

and for 8Pil k: /0c; i, with specific ¢ and k;, there exists

o

e ik;

WO—ci )’
apil,k?i 0 7( 7 Ykl)

8Ci7ki acl}k’i

2 (29 — ¢ 1,
:Mpil,ki' (26)

05k,
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Considering  (19), (23), (25), and (26), (22) is

changed to

MU;»—yQ(wOfc-k) N
S5 J J i () l l
Aci p, =n0; E T 2 H Py 1. Pi ks

ii=1

iii

2
i,k ii=1
2 (29 — ¢ ks
=10 (  — )Rl (27)
Ok,
where
=Y 60 (28)
=t > Ry
=1
Similarly, the following equation can be derived:
oF
Aog: . — —
04k, nagi,ki
_ 3 2B 0y 0RO,
2 0y; R, OFL, D,
2 (2% —cip, ?
:nélQRl. (29)
05 ks

B. Modifying Steps of Network Parameters

According to Section III-A, the modifying steps of network
parameters can be summarized in the following.

For Awy;, the modifying steps are given as follows:

Step 1) computing §; by (18) and (19);

Step 2) computing Jy;/0v;; by (20);

Step 3) computing Avy; by (21);

Step 4) updating v;; by (30)

Ulj(t + ].) = Vij (t) + A'Ulj (t) (30)

For Ac; ,, the modifying steps are given as follows:

Step 1) computing ¢§; by (28);
Step 2) computing Ac; i, by (27);
Step 3) updating c; i, by (31)
Cik, (t + 1) = Cik, (t) + Aciki (t) 31D

For Ao, i, the modifying steps can be obtained from (29),
and to update o; , by (32),
Tik, (t + 1) = Oik; (t) + Ao'iki (t) (32)

It should be noticed that o; 1, should satisfy (7).
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TABLE 1
SIMULATION RESULT FOR GROUP 1

;oo 2 »? »' ri:rt;:e
10301500 0.192900 0.278900 0.303062 0.086631
2 0.180000 0.453500 0.282000 0.259159 0.080998
3 0.716200 0.622600 0.372700 0.357951 0.039574
4 0.790300 0.647200 0.355700 0.339770 0.044786
5 0.331300 0.371000 0.337400 0.322333 0.044656
99 0.712500 0.202400 0.330000 0.347702 0.053641
100 0.727000 0.393500 0.373300 0.357179 0.043185
Max. relative error: :0.106949
Min. relative error: 0.000518
Average relative error: 0.042900
TABLE II
SIMULATION RESULT FOR GROUP 2
1 0265200 0.353000 0.310200 0.296334 0.044700
2 0.399000 0.451100 0.364500 0.347991 0.045292
3 0.303700 0.190300 0.278700 0.303651 0.089526
4 0.566800 0.367400 0.378300 0.374997 0.008732
5 0.214300 0.843900 0.223300 0.203894 0.086905
99 0.918900 0.582500 0.325600 0.303892 0.066672
100 0.205000 0.254400 0.257500 0.266079 0.033315
Max. relative error: 0.115589
Min. relative error: 0.000846
Average relative error: 0.045410
TABLE III
SIMULATION RESULT FOR GROUP 3
1 0.716200 0.622600 0.372700 0.368850 0.010329
2 0.790300 0.647200 0.355700 0.357057 0.003816
3 0.200600 0.781100 0.242700 0.259044  0.067342
4 0.569700 0.857400 0313300 0.313308 0.000024
5 0.545400 0.407100 0.382300 0.399063  0.043847
99 0.444800 0.288500 0.349300 0.336842  0.035667
100 0.915300 0.919000 0.217800 0.242918 0.115328

Max. relative error: 0.115328
Min. relative error: 0.000024

Average relative error: 0.03181

TABLE 1V
SIMULATION RESULT FOR GROUP 4

Xy,
li

X,
2j

yO

12

y

relative
error

R O S

99
100

0.571400
0.477700
0.778500
0.540600
0.827900

0.371000
0.834900

0.826600
0.269500
0.320600
0.673000
0.361300

0.762300
0.564300

0.326200
0.349700
0.352100
0.369900
0.347900

0.317800
0.354900

0.328395
0.376374
0.367099
0.383493
0.357795

0.337163
0.353001

0.006729
0.076276
0.042597
0.036748
0.02844

0.060929
0.005350
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Max. relative error: 0.165802
Min. relative error: 0.000534
Average relative error: 0.031920

V. EXAMPLE AND CONCLUSION

In order to validate the validity of the algorithm, a simulation
is made with the function

y = /64 —81((x; — 0.6)2 + (z2 — 0.5)2)/9 — 0.5.

Having training by 1000 samples, four groups of curves
about the network output are shown in Figs. 7-10, and the
corresponding data are given in Tables I-IV, in which z,
T, y', and yo denote input 1, input 2, target output, and
network output, respectively. Each group has 100 test points.
The average relative error is less then 5%.

As shown in the figures and tables, the algorithm for extract-
ing fuzzy rules based on RBFN is effective.
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